We calculate decuplet contributions to the s-wave pseudoscalar meson octet-baryon scattering lengths to the third order in heavy baryon chiral perturbation theory (HBχPT). Using experimental pion-nucleon and kaon-nucleon scattering lengths as inputs, we determine low-energy constants and predict other meson-baryon scattering lengths. Numerically we consider three cases: (1) the case with only baryon octet contributions; (2) with decuplet contributions and (3) in the large Nc limit. Hopefully, the analytical expressions and the predictions are helpful to future investigations of the meson-baryon scattering lengths.
I. INTRODUCTION
Chiral perturbation theory involving only pseudoscalar mesons is expanded with p/Λ χ where p represents the meson mass or momentum, and Λ χ ∼ 1GeV is the scale of chiral symmetry breaking. When ground baryons are incorporated in the Lagrangian, the chiral expansion is problematic because of terms like M 0 /Λ χ ∼ 1, where M 0 is the baryon mass in the chiral limit. This problem is overcome in HBχPT [1, 2, 3] by going to extremely non-relativistic limit. Now one makes the dual expansion of p/Λ χ and p/M 0 simultaneously, where p also represents the small residue momentum of baryons in the non-relativistic limit.
In low energy processes, decuplet baryon contributions may be important. Firstly, the mass difference between decuplet and octet baryons δ = 294MeV is not large. Furthermore, this value vanishes in the large N c limit [4] . Secondly, the coupling constant of decuplet and octet baryons with pseudoscalar mesons is large. Thus, the inclusion of these states may cancel some intermediate octet contributions. In fact, decuplet contributions partially cancels the large octet contribution in baryon axial currents [2] .
One of the systematic approaches to include decuplet baryons in HBχPT is the small scale expansion (SSE) [5] . Within this counting scheme, the meson masses, all the momenta and δ are all of order O(ǫ). This formalism was widely used to study processes involving explicit J = 3 2 fields [6, 7, 8, 9, 10, 11] . Besides SSE, an alternative counting scheme was proposed in Ref. [12] .
For the elastic scattering of the pseudoscalar meson and octet-baryon, the scattering length a P B is an important observable, which is related to the threshold T-matrix by T P B = 4π(1 + mP MB )a P B . HBχPT provides a modelindependent approach to calculate this threshold parameter. Chiral corrections to pion-nucleon scattering lengths were first investigated in two-flavor HBχPT in Refs. [13] . Intermediate ∆ corrections to them can be found in Ref. [8] .
For the other meson-baryon interactions, one has to work in the SU(3) framework. Now the convergence of the chiral expansion has to be investigated channel by channel because of the large mass m K or m η . In Ref. [14] , the s-wave kaon-nucleon scattering lengths were calculated to O(p 3 ) in SU(3) HBχPT. We had calculated chiral corrections to octet-meson octet-baryon scattering lengths to the third order [15] . In the present work, we will consider the decuplet baryon contributions to the threshold meson-baryon amplitudes to O(ǫ 3 ) in SSE in SU(3) HBχPT. In the previous calculations [14, 15] , the counter-term contributions at O(p 3 ) were assumed to be much smaller than the loop contributions. This rather naive assumption is an extension of the SU(2) case [13] where the counter-terms were estimated with resonance saturation method and found to be small. The assumption was used partly because the complete third order meson-baryon chiral Largrangians were unknown. Recently, the complete and minimal Lorentz invariant SU(3) chiral Lagrangians were composed to O(p 3 ) [16] . One needs to consider the counter-term contributions now.
In the following section, we collect the basic definitions and Lagrangians. We present decuplet contributions to the threshold T-matrices in Sec. III and the counter-terms for the third order T-matrices Sec. IV. Then we determine the low-energy constants (LECs) in Sec. V by considering the counter-term contributions. The final section is our numerical results and discussions.
II. LAGRANGIANS
The Lagrangian of HBχPT with octet baryons has the form
where φ represents the pseudoscalar meson octet and B represents the baryon octet. The purely mesonic part L φφ incorporates even chiral order terms while L φB starts from O(p). When decuplet baryons are incorporated to the system, an additional part L φBT is introduced in Eq. (1) where T represents the baryon decuplet. The lowest order Lagrangians of the three parts are
f is the pseudoscalar meson decay constant in the chiral limit. Γ µ is the chiral connection which contains even numbers of meson fields. u µ contains odd numbers of meson fields. D + F = g A = 1.26 where g A is the axial vector coupling constant. The superscripts in these Lagrangians represent the order of the small scale expansion. In our calculation of decuplet contributions to threshold pseudoscalar meson octet-baryon scattering T-matrices, we truncate at O(ǫ 3 ). In this case, L
φB does not cntribute which can be found in Refs. [14, 15] . Similarly, L
φBT or high order Lagrangians also have vanishing contributions.
Recently, the complete three-flavor Lorentz-invariant meson-baryon chiral Lagrangians have been composed to the third order [16] . Only three independent terms will contribute to the meson-baryon scattering T-matrices at threshold
where h 1 , h 2 and h 3 are LECs, which also play the role of absorbing divergences from loop calculations. When transforming the relativistic Lagrangian into the heavy baryon formalism, additional 1/M 0 corrections may in principle appear. However, this kind of recoil corrections are higher than our truncation order. Thus the above Lagrangian may also be treated as the form in HBχPT. 
III. DECUPLET CONTRIBUTIONS TO THRESHOLD T-MATRICES
There are many diagrams for a general elastic pseudoscalar meson octet-baryon scattering process to the third chiral order. When intermediate decuplet contributions are considered, there are additional diagrams. However, the calculation is simpler at threshold. One may consult Refs. [14, 15] 
φBT and L
φφ . In the previous loop calculations [14, 15] , dimensional regularization and minimal subtraction were used. The divergences were completely absorbed by the LECs in L (3) φB . When we consider the additional diagrams due to intermediate baryon decuplet, the LECs will also absorb part of the divergences. We give the finite parts from the loop calculation in this section and give the counter-terms in the next section.
To write down the threshold T-matrices in compact forms, we define
and
where m represents the meson mass and λ is the scale from dimensional regularization. We list the T-matrices below.
For πN scattering, we have
or
For πΣ and πΞ scattering T-matrices,
where I labels the total isospin and B the baryon Σ or Ξ,
The T-matrix for πΛ scattering is very simple,
The kaon-nucleon scattering T-matrices are
where M represents K or K and
The T-matrices for kaon-Σ and kaon-Ξ scatterings are complicated due to the last diagram in Fig. 1 
the matrices for these two channels read:
where M represents K or K, B represents Σ or Ξ,
The expressions for T KΛ and T KΛ have opposite sign
One notes that these two T-matrices are equal in the case with only intermediate octet contributions [15] . The four ηB T-matrices depend on W (m
where
In these loop expressions, we have used f π in pion processes, f K in kaon processes and f η in eta processes. Different usage of decay constants leads to deviations at higher order. Therefore the difference in the numerical results is expected to be negligible.
From these T-matrices, we see the intermediate decuplet states don't generate any corrections for the imaginary part of the threshold T-matrices. One can verify that the kaon-baryon and anti-kaon-baryon T-matrices satisfy the crossing symmetry [14, 15] . In the SU(3) limit, the relations in Ref. [15] also hold. However, the similarity for T-matrices involving isospin doublets do not exist any longer.
IV. COUNTER-TERMS
In the previous calculation of the threshold T-matrices, the contributions from the renormalized counter-terms were naively assumed to be much smaller than chiral loop corrections and ignored in the numerical analysis. With the complete third order Lagrangian L (3) φB [16] , we need include the counter-terms explicitly at O(ǫ 3 ) from Eq. (10).
Among these counter-terms, h r 1 and h r 2 are renormalized LECs while h 3 is finite. The renormalized LECs connect with unrenormalized ones through h
where d is the space-time dimension and γ E is the Euler constant. When decuplet contributions are considered, the consistence requires that the renormalized LECs connect with unrenormalized ones in the SU(3) limit, h
However, the divergences could not be canceled exactly in this case. There are still divergent parts proportional to δm
. This is the result of incompleteness for the renormalization in HBχPT with J = 3 2 states because of non-vanishing δ. One notes this term is of 1 f 4 and analytical both in δ and m. In the large N c limit, δ → 0 [4] , the correspondence between divergences and counter-terms recovers. One practical approach is to keep non-analytical chiral corrections only in the numerical analysis and throw away the above divergent term with analytical coefficients.
One notes that the LECs h r 1 and h r 2 are in fact scale-dependent. They cancel the scale-dependent parts arising from loops, which makes the resulting T-matrices scale-independent. One may define scale-independent LECs when only baryon octet is involved. However, when decuplet is considered, the well-defined scale-independent LECs exist only in SU(3) limit. Besides, the part proportional to δm 2 ln m λ could not be cancelled even in this limit. One can verify these counter-terms satisfy the crossing symmetry and SU(3) limit relations in Ref. [15] .
V. LOW-ENERGY CONSTANTS
To calculate the scattering lengths numerically, one has to determine the LECs and their combinations. There are eight and three parameters in the second and third order Lagrangians respectively. The final T-matrices to O(ǫ 3 ) involve five LECs b D , b F , h 1 , h 2 , h 3 and four LEC combinations C 1,0,π,d which were defined as [14, 15] 
φB . It is impossible to combine the LECs h 1,2,3 with C 1,0,π,d to reduce the number of parameters. Up to now, we can determine most of them with available inputs. Unfortunately, one is unable to extract C d strictly from known sources. We simply estimate its value.
In the SU(2) case, numerical evaluations for observables with either scale-dependent or scale-independent LECs give the same results. In the SU(3) case, symmetry is largely broken. The two usages of LECs may result in some deviations for current T-matrices, especially when baryon decuplet contributions are considered. To reduce the effects from symmetry breaking, we use scale-dependent h r 1 and h r 2 in the following calculations. This choice is also convenient for the discussion about the assumption used in Refs. [14, 15] .
When determining the LEC combinations, our procedure is as follows. (i) We first choose the scale λ = 4πf π which is widely used in chiral perturbation theory. With the six pion-nucleon and kaon-nucleon scattering lengths we determine C 1,0,π and h 
Now we reconsider the case with only baryon octet contributions by including the counter-terms. The loop expressions can be found in Ref. [15] . 
One notes they are estimated values because of lack of experimental inputs. With intermediate decuplet contributions, one should note there are still divergent parts in the T-matrices which could not be absorbed. We just ignore them in the numerical evaluation as usually done. By repeating the above procedure, we get 
with the updated threshold T-matrices. When we determine b 0 , b D , b F and M 0 , decuplet corrections to baryon masses and πN sigma term have to be considered. One gets the corrections from the self energy diagram. If we define
then the shifts of baryon masses are
The shift of πN σ term is
(
Here we give the finite parts only. In contrast to the case without decuplet corrections, the divergent parts are non-vanishing. Those proportional to δm 2 C 2 L f 2 vanish either in chiral limit or in large N c limit. Those proportional to δ 3 C 2 L f 2 in baryon masses vanish only in large N c limit. In Ref. [21] , a counter-term was added by hand to cancel the latter divergence. In our case, we simply ignore these regular parts. Our formulae are slightly different from those in Ref. [21] .
With the updated mass and σ πN formulas, we get [23] as inputs. An important case is the large N c limit. In this limit, δ = 0, C = −2D [24] . The divergent parts related with δ in T-matrices, baryon masses and πN sigma term vanish. The defined W , Q and J are simple:
We also determine all the other LECs with d 0 = −0.996 GeV 
When we obtain the first four parameters with MINUIT, we have χ 2 /d.o.f. ≃ 0.75. Those LEC combinations are
VI. NUMERICAL RESULTS AND DISCUSSIONS
With the three sets of parameters, we evaluate all the meson-baryon threshold T-matrices. We present numerical results involving only octet baryons in Tables I, II and III, the results for the case with decuplet contributions in  Tables IV, V and VI and those in the large N c limit in Tables VII, VIII and IX. The corresponding scattering lengths are given in the last column. We estimate the errors from those of We first consider the case without explicit decuplet contributions. In this case, the contributions from the decuplet baryons, resonances close to thresholds and other baryons are all buried in the LECs.
It is interesting to see those eta-baryon scattering lengths. The widely studied η-mesic nuclei were proposed decades ago [25] . The η-mesic hypernuclei were also proposed [26] . An important parameter to verify whether they exist is the eta-baryon scattering length. One can consult Ref. [15] for our previous calculation for this observable. When counter-terms were considered, we find that Re[a ηΛ ] is negative, contrary to the results in Refs. [26, 27] . This is due to the large and negative contribution at the second order. From T ηΛ at the second order and the values C 1 , C d and b D , it is not surprising to get this result. One may think that the estimated C d is problematic. According to
, we see that even if d 0 ∼ 0.0, C d would still be negative. As a result, it is almost definite that Re[a ηΛ ] < 0.
From the results in Tables I, II and III, we find that the T-matrices T
πΣ , T
πΣ and T
(1/2) KΣ converge well. The situation differs slightly from the previous calculation [15] . Any scattering lengths related with C d can be used as a constraint to determine LECs if they were measured, but a (1) πΣ is particularly ideal for this purpose. Let us discuss the contributions from counter-terms. The pion-nucleon scattering lengths were first calculated to O(p 3 ) in Ref. [13] in the SU(2) HBχPT. The counter-terms were estimated with resonance saturation method. It was found that counter-terms have much smaller contributions than chiral loop corrections. This naive assumption was extended to the SU(3) case in Refs. [14, 15] . However, such an extension is actually problematic. We have analyzed the third order T-matrices numerically. We found that counter-terms have even larger contributions than loops in the following T-matrices:
. Fortunately, most of the predictions in Ref. [15] are not far away from the current calculation. When the baryon decuplet contributions were considered explicitly, we see a different scenario. About half of the predictions change sign. Some numbers of kaon-baryon scattering lengths become particularly large. Now the real part of a ηN has a negative sign which is contrary to results in literature (see Ref. [28] for an overview). Re(a ηΣ ) = 0.70±0.04 fm is still consistent with a ηΣ = [(0.10 ∼ 1.10) + (0.35 ∼ 2.20)i] fm in Ref. [26] . Re[a ηΛ ] is still negative.
In Tables IV, V and VI, the third order contributions to most kaon-baryon T-matrices are particularly large, which indicates the chiral expansion blows up in these channels. One finds only for T (1/2) πN the chiral expansion converges. That the chiral expansion in HBχPT with decuplet is worse than HBχPT with only ground baryons was noted in Refs. [10, 11] . Here we again find this fact for scattering lengths in the SU(3) case. The feature that the third order contribution is large does not change even in the large N c limit.
From the predictions, we find several scattering lengths have same sign in the three cases. Considering their possible range, we have a πΛ = −0.08 ∼ −0.04 fm, Re[a All known scattering lengths have been used to determine LECs. There is no available experimental data to compare with. The present predictions require future experimental measurements to test HBχPT. On the other hand, once the four kaon-nucleon scattering lengths as well as a πΣ were measured accurately, we can predict precisely others to the third order in HBχPT. Strangeness programmes in CSR and JPARC are hopeful for these purposes.
In summary, we have calculated intermediate decuplet baryon contributions to the s-wave meson-baryon scattering lengths to the third order in small scale expansion. Hopefully, the explicit expressions are helpful to future chiral extrapolations in lattice simulations. From the known a πN , a KN and aK N , we determined the LECs and predicted other scattering lengths in three cases by including the counter-terms. We found that chiral expansion in several channels converges well without considering the decuplet contributions. When decuplet contributions were considered, the chiral expansion blows up. After combining the results in the three cases, we gave ranges of several scattering lengths. Our calculation indicates that a ηΛ is negative. Whether η-mesic hypernuclei is possible requires further investigations. We expect the numerical results are useful to model constructions for meson-baryon interaction.
